We show that there exist Gaussian channels which are amendable. A channel is amendable if when applied twice is entanglement breaking while there exists a unitary filter such that, when interposed between the first and second action of the map, prevents the global transformation from being entanglement breaking [Phys. Rev. A 86, 052302 (2012)]. We find that, depending on the structure of the channel, the unitary filter can be a squeezing transformation or a phase shift operation. We also propose two realistic quantum optics experiments where the amendability of Gaussian channels can be verified by exploiting the fact that it is sufficient to test the entanglement breaking properties of two mode Gaussian channels on input states with finite energy (which are not maximally entangled).
Introduction
Quantum states formally represent the addressable information content about the system they describe. During their evolution quantum systems may suffer the presence of noise, for instance due to the interaction with another system, generally referred as an external environment. This may cause a loss of information on the system, and leads to a modification from its initial to its final state. In quantum communication theory, stochastic channels, that is Completely Positive Trace Preserving (CPT) mappings, provide a formal description of the noise affecting the system during its evolution. The most detrimental form of noise from the point of view of quantum information, is described by the so-called Entanglement Breaking (EB) maps [1] . These maps when acting on a given system destroy any entanglement that was initially present between the system itself and an arbitrary external ancilla. Accordingly they can be simulated as a two-stage process where a first party makes a measurement on the input state and sends the outcome, via a classical channel, to a second party who then re-prepares the system of interest in a previously agreed state [2] .
For continuous variable quantum systems [3] , like optical or mechanical modes, there is a particular class of CPT maps which is extremely important: the class of Gaussian channels [4, 5] . Almost every realistic transmission line (e.g. optical fibers, free space communication, etc.) can be described as a Gaussian channel. In this context the notion of EB channels has been introduced and characterized in Ref. [6] . Gaussian channels, even if they are not entanglement breaking, usually degrade quantum coherence and tend to decrease the initial entanglement of the state [7] . One may try to apply error correction procedures based on Gaussian encoding and decoding operations acting respectively on the input and output states of the map plus possibly some ancillary systems. This however has been shown to be useless [8] , in the sense that Gaussian procedures cannot augment the entanglement transmitted through the channel (no-go theorem for Gaussian Quantum Error Correction). Here we point out that such lack of effectiveness doesn't apply when we allow Gaussian recovering operations to act between two successive applications of the same map on the system. Specifically our approach is based on the notion of amendable channels introduced in [9] , whose definition derives from the generalization of the class of EB maps (Gaussian and not) to the class of EB channels of order n. The latter are maps Φ which, even if not necessarily EB, become EB after n iterative applications on the system (in other words, indicating with "•" the composition of super-operator, Φ is said to be EB of order n if Φ n := Φ • Φ • · · · • Φ is EB while Φ n−1 is not). We therefore say that a map is amendable if it is EB of order 2, and there exists a second channel (called filtering map) such that when interposed between the two actions of the initial map, prevents the global one to be EB. In this context we show that there exist Gaussian EB channels of order 2 which are amendable through the action of a proper Gaussian unitary filter (i.e. whose detrimental action can be stopped by performing an intermediate, recovering Gaussian transformation).
The paper is structured as follows. In Section I we focus on the formalism of Gaussian channels, the characterization of EB Gaussian channels and their main properties. In Section II we explicitly define two types of channels which are amendable via a squeezing operation and a phase shifter respectively. For each channel we also propose a simple experiment based on finite quantum resources and feasible within current technology.
I. ENTANGLEMENT BREAKING GAUSSIAN CHANNELS
Let us briefly set some standard notation. A state ρ of a bosonic system with f degrees of freedom is Gaussian if its characteristic function φ ρ (z) = Tr[ρW (z)] has a arXiv:1303.4978v2 [quant-ph] 15 Jul 2013
Gaussian form [4] ,
(1)
W ( z) is the unitary Weyl operator defined on the real vector space
is the symplectic form, R = {Q 1 , P 1 , . . . , Q f , P f } and Q i , P i are the canonical observables for the bosonic system. R ρ is vector of the expectation values of R, and V ρ is the covariance matrix
A CPT map Φ is called Gaussian if it preserves the Gaussian character of the states, and can be conveniently described by the triplet (K, l, β), l ∈ R 2f and K, β being 2f × 2f matrices, which fulfill the condition
and act on R ρ and V ρ as
A special subset of Gaussian channels is constituted by the unitary Gaussian transformations, characterized by having β = 0: they include multi-mode squeezing, phase shifts, displacement transformations and products among them.
The composition of two Gaussian maps, Φ = Φ 2 • Φ 1 , described by (K 1 , l 1 , β 1 ) and (K 2 , l 2 , β 2 ) respectively, is still a Gaussian map whose parameters are given by
Finally, a Gaussian map Φ is entanglement-breaking [6] if and only if its matrix β can be expressed as
A. One-mode attenuation channels
One-mode attenuation channels Φ At (N 0 , η) are special examples of Gaussian mappings such that: , mediated by a beam splitter of transmissivity η. In Ref. [9] the EB properties of the maps Φ At (N 0 , η) under channel iteration were studied as a function of the parameters η 2 and N 0 . For completeness we report these findings in Fig. 1 . In the plot the solid lines represent the lower boundaries between the regions which identify the set of transformations Φ At (N 0 , η) which are EB of order n. They are analytically identified by the inequalities
or, in terms of the parameter N which gauges the bath average photon number, by
Notice that for N = 0, Φ n At / ∈ EB for all finite n, that is if the system is coupled with the vacuum (zero photons) the reiterative application of the map, represented by the action of a beam-splitter on the input signal, does not destroy the entanglement between the system and any other ancilla with which it is maximally entangled before the action of the map.
B. Certifying that a channel is entanglement breaking with non ideal resources.
It is a well known fact that a map Φ is EB if and only if when applied to one side of a maximally entangled state it produces a separable state [1] . This fact gives an operationally well defined experimental procedure for characterizing the EB property of a channel Φ based on the ability of preparing a maximally entangled state to be used as probing state for the map. Unfortunately however, while feasible for finite dimensional systems, in a continuous variable setting this approach is clearly problematic due to the physical impossibility of preparing such an ideal probe state since it would require an infinite amount of energy. Quite surprisingly, the following property will avoid this experimental issue.
Property (equivalent test states). Given {|i ; i = 1, · · · , d} an orthonormal set, let ω = d i,i =1 |i i i i | be an un-normalized maximally entangled state and σ a full-rank d × d density matrix. Then the (normalized) stateω
is a valid resource equivalent to ω in the sense that a channel Φ is EB if and only if (1 1 ⊗ Φ)(ω) is separable.
Proof. We already know that Φ is EB if and only if f = (1 1 ⊗ Φ)(ω) is separable [1] . We need to show that f is separable if and only iff = (1 1 ⊗ Φ)(ω) is separable. This must be true because the two states differ only by a local CP map which cannot produce entanglement namely:
The same property can be extended to continuous variable systems where ω is not normalizable but it can still be consistently interpreted as a distribution [10] . Now, let us consider a two-mode squeezed vacuum (TMSV) state with finite squeezing parameter r , i.e.
where {|i ; i = 1, 2, · · · } is now the Fock basis. It can be expressed in the form of Eq. (15) by choosing
and therefore the stateω is a valid resource for the EB test. The previous property implies that it is sufficient to test the action of a channel on a two-mode squeezed state with arbitrary finite entanglement in order to verify if the channel is EB or not. Surprisingly, even a tiny amount of entanglement is in principle enough for the test. However, because of experimental detection noise and imperfections, a larger value of r may be preferable as it allows for a clean-cut discrimination.
The previous results are obviously extremely important from an experimental point of view since, for single mode Gaussian channels, one can apply the following operational procedure:
• Prepare a realistic two-mode squeezed vacuum stateω with a finite value of r ,
• Apply the channel Φ to one mode of the entangled state resulting inf = (1 1 ⊗ Φ)(ω),
• Check if the statef is entangled or not.
Probably the experimentally most direct way of witnessing the entanglement off is to apply the so-called product criterion [11] . In this case, entanglement is detected whenever
with
We indicate with Q i and P i , i = 1, 2, the position and momentum quadratures associated to each mode of the twin beam. If inequality (18) is satisfied,f is entangled and so Φ is not EB. This test, is a witness but it does not provide a conclusive separability proof. For this reason it is useful to compare it with a necessary and sufficient criterion. We will use the logarithmic negativity E N , which is an entanglement measure quantifying the violation of the P P T separability criterion [12] . Let Vω be the covariance matrix ofω written in the block form
The entanglement negativity E N is a function of the four invariants under local symplectic transformations
and can be analytically computed [4] :
where
. Notice that ν is the minimum symplectic eigenvalue of the partially transposed state and can be interpreted as an optimal product creterion since we have thatf is entangled if and only if
while Eq. (18) is only a sufficient condition. Both tests Eq. (18) and (23) will be used for assessing, in the next section, the entanglement breaking property of two possible realization of amendable Gaussian channels. We note that, direct simultaneous measurements, in a dual-homodyne set-up, on the entangled subsystems allow a direct evaluation of the product criterion [13] . While, the experimental evaluation of E N requires the reconstruction of the bipartite system covariance matrix that in many cases can be gained by a single homodyne [14] .
II. AMENDABLE GAUSSIAN MAPS
In this section we aim to prove the existence of amendable Gaussian maps constructing explicit examples and propose experimental setups that would allow one to implement and test them. To do so we will look for Gaussian single mode maps U and Φ, where U is unitary, such that
(notice that the second condition requires that Φ cannot be EB). Under these assumptions, it follows that the channel Φ U = U • Φ is an EB map of order 2 which can be amended by the unitary filter U † . Indeed exploiting the fact that local unitary transformation cannot alter the entanglement, the above expressions imply:
Even though (24), (25) and (26), (27) are formally equivalent it turns out that the former relations are easier to be implemented experimentally. For this reason in the following we will focus on such scenario.
A. Example 1: Beam splitter-squeezing-beam splitter
Here we provide our first example of a channel Φ and of a unitary transformation U fulfilling Eqs. (24) and (25). We will consider two mode Gaussian maps. By exploiting the property explained in Sec. I B regarding the equivalence of test states, without loss of generality we will apply our channels to twin-beam states with finite squeezing parameter, that is with finite energy, rather then to maximally entangled states which would require an infinite amount of energy to be realized. Eqs. (24) and (25) will be implemented by the two setups of Fig. 2: • The first one (setup 1) is used to realize the transformation Φ • U • Φ. It consists in an optical squeezer, implementing the unitary U, coupled on both sides with a beam-splitter (one for each side) of transmissivity η.
• The second setup (setup 2 of Fig. 2 ) instead is used to realize the transformation Φ • Φ: it is obtained from the first by removing the squeezer between the beam splitters.
As anticipated we will use |T M SV states as entangled probes. The aim of the section is to show that by properly choosing the system parameters, the squeezing and the beam-splitter transmissivities, it is possible to realize an amendable Gausssian channel.
Setup 1
Setup 2 The transformation induced by the beam splitter can be described by an attenuation map with N 0 = 0, Φ BS1 (η) := Φ At (0, η). On the other hand, we indicate as S 1 (r) the unitary map depending on the real parameter r, referring to the action of an optical squeezer
We set the initial state of the two modes to be a twinbeam ρ 0 (r ) = |T M SV (r ) T M SV (r )
The states at the output of our two setups are described by the following 2-mode density matrices,
We stress that Φ 1 and Φ 2 act only on one of the two modes of the incoming twin-beam. The entanglement properties of the two setups can be established by applying the criterion (8)-(9) to Φ 1,2 . As already recalled, in [9] it was shown that Φ 2 = Φ be shown that Φ 1 , given by
is EB if and only if
or equivalently r ≥r(η) = 1 2 cosh
In Fig. 3 we report plots ofη vs. r andr vs. η to better visualize the EB regions for the two parameters. It follows then, that for all values of η and r fulfilling the condition (37) [or its equivalent version (38)] the channel concatenations (32) and (33) provide an instance of the identities (24) and (25). Consequently, following the argument (27) we can conclude that the map S 1 (r) • Φ At is an example of Gaussian channel that is EB of order 2, and can be amended by the filtering map
At / ∈ EB (39) for all η's.
Experimental test
We conclude this section, by introducing an experimental proposal for testing the entanglement-breaking properties of the maps discussed above. A possible procedure is to use in both setups the product criterion given in Eq. (18) in order to test the entanglement of the twin-beam after applying Φ 1 and Φ 2 [i.e. the entanglement of the states ρ Φ1 and ρ Φ2 ]. Otherwise, if we are able to measure the full covariance matrix of the state, we can apply the optimal criterion of Eq. (23). We will take into account both criterions since the first one could be experimentally simpler while the second one provides a conclusive answer.
In our case, the covariance matrix for ρ Φ1 is given by 
If follows that Q 2 and P 2 in (19) are given by
(cosh (r ) + 2α(η, r, r ) + 4γ(η, r, r )) (42)
and for what concerns the computation of ν 2 we get
As already observed, the state ρ Φ2 which describes the system at the output of the second configuration can be obtained from ρ Φ1 by simply setting r = 0: therefore, in this same limit the above equations can also be used to determine the corresponding values for the state ρ Φ2 . The results for both channels are presented in Fig. 4 which shows the values of W and ν 2 as functions of the beam splitter transmittivity η. The comparison with the entanglement measure ν 2 is useful to determine the values of η and r for which the product criterion provides a reliable entanglement test. In the second setup [r = 0] we expect the state of the twin-beam to be entangled, since Φ At (η) 2 / ∈ EB for all η's. On the one hand, as expected we have that ν 2 is always lower that 1/4, the bound being saturated when r = 0 or η = 0 (see Fig. 4(b) ). On the other hand, for η ≤η
we get W > 1/4, and thus we cannot distinguish ρ Φ2 from a separable state if the product criterion is used. We conclude that the product criterion, directly accessible by a dual homodyne set-up, is reliable for η ≥η.
On the contrary the PPT criterion, requiring the full experimental reconstruction of the state covariance matrix, can be used all the way down to η = 0, as shown in Fig.  4 
(b).
If we switch on the optical squeezer [r > 0] for r ≥r(η) (see Eq. (38)), we will get ν 2 ≥ 1/4 and the same we expect for W, as Φ 1 ∈ EB. Equivalently, for any fixed r, from Eq.(37) we know that Φ 1 ∈ EB for η ≤η(r), as also proved by the behavior of ν 2 in Fig. 4(a) where we have set r = 1. On the contrary, W is always greater than 1/4, and thus our test based on W is not conclusive for η ≥ η(r). This comes from the fact that the product criterion, while being directly accessible by measurements, gives a sufficient but not necessary condition for entanglment.
Summarizing if we fix the squeezing parameter r, in order to get a reliable test by measuring W for both setups, the transmissivity η of the beamsplitter should be fixed such thatη (r ) ≤ η ≤η(r) .
Under these conditions the witness measurement we have selected allows us to verify that ρ Φ2 is entangled [meaning that Φ 2 is not EB]. At the same time the state ρ Φ1 will not pass the entanglement witness criterion in agreement with the fact that Φ 1 is EB. Of course this last result can not be used as an experimental proof that Φ 1 is EB since, to do so, we should first check that no other entanglement witness bound is violated by ρ Φ1 . Notice that this drawback can be avoided if we are able to compute the optimal witness ν 2 by measuring the full covariance matrix of the output state. Finally, let us stress thatη(r) in the final relation (46) does not depend on the two-mode squeezing of the incoming twin-beam (see inset of Fig. 4 (a) ) and thus we do not need to test the EB properties of our maps on states characterized by an infinite amount of energy, that is on maximally-entangled states. This represents an important observation, especially from the point of view of the experimental implementation of our scheme. A more detailed analysis of possible experimental losses and detection errors will be addressed in a future work [15] . Fig. 2 (r = 1, subfigure (a)) and for the setup 2 of Fig. 2 (r = 0, subfigure (b)). In both cases the two-mode squeezing parameter of the initial state has been fixed to r = 0.8. The inset of subfigure (a) shows instead the behavior of ν 2 for different values of r . Here, one can verify that the EB thresholdη is independent from the initial entanglement as a consequence of the property introduced in Sec. I B. However, larger values of r allow for a clean-cut discrimination of the two regions.
B. Example 2: asymmetric noise-phase shift-asymmetric noise
In the previous section we have seen a class of EB Gaussian channels which are amendable through a squeezing filtering transformation S(r). Here we focus on channels which are amendable with a different unitary filter: a phase shift R(θ). According to the previous notation, the phase shift R(θ) can be represented with the triplet:
is a phase space rotation of an angle θ. Following the analogy with the previous case we look for a channel Φ, such that the concatenation
is EB or not EB, depending on the value of θ. It is easy to check that Φ cannot be an attenuation channel because in this case it would simply commute with the filtering operation R(θ). A good candidate is instead the channel Φ P (η, N P ), given by
(53)
where Π = 0 0 0 1 , 0 ≤ η ≤ 1 and N P ≥ 0. Notice that this corresponds to an attenuation channel where the noise affects only the P quadrature of the mode. This channel does not commute with a phase shift R(θ) and, as we are going to show, the composition Φ PRP (θ) = Φ P • R(θ) • Φ P is EB only for some values of the angle θ.
From the composition law in Eq. (7) we have that the total map Φ PRP (θ) is given by
The entanglement breaking condition given in Eq. (8), is equivalent to ν 2 ≥ 1/4 as explained in Sec. I B. This implies that
where θ min and θ max are solutions of the equation ν(θ) 2 = 1/4. They can be explicitly determined: θ min = arcos( √ c) and θ max = arcos(− √ c), where c = 2ηN
The two solutions make sense only in the cases in which 0 ≤ c ≤ 1. We may identify this as an amendability condition. Otherwise, in the cases in which there are no admissible solutions, it means that the channel is constantly EB or not EB independently of the filtering operation.
Schematic of the experimental proposal discussed in Sec. II B. As in Fig. 2 the setup is divided in three stages (preparation of the probing state |T M SV , application of the channels, and finally measurement of the output state). The global map is obtained by applying twice the Gaussian channel ΦP with the intermediate insertion of a unitary phase shifter R(θ). Depending on the value of the phase shift θ the global channel is EB or not.
Experimental test
If we want to experimentally test the EB property of the channel Φ PRP (θ) as a function of the filtering parameter θ, we should be able to realize the operations Φ P (η, N P ) and R(θ).
A phase shift operation R(θ) applied to an optical mode can be realized by changing the effective optical path. This is a classical passive operation and it is experimentally very simple. The main difficulty is now the realization of the channel Φ P (η, N P ). A possible way to realize Φ P (η, N P ) is to combine a beam splitter with an additive phase noise channel N (N P ). This is defined by the triplet
and is it essentially a random displacement W (δ, 0) of the P quadrature, where the shift δ is drawn from a Gaussian distribution of variance N P and mean equal to zero. This could be realized via an electro-optical phase modulator driven with classical electronic noise or by other techniques. It is immediate to check that
e. a beam splitter followed by classical phase noise is a possible experimental realization of the channel Φ P (η, N P ). The proposed experimental setup is sketched in Fig.  5 . A two-mode squeezed state is prepared and the desired sequence of channels is applied on one mode of the entangled pair. The presence of entanglement after the application of all the channels is verified by measuring the variances of Q and P defined in (19) after a unitary correction R(−θ). This correction does not change the entanglement of the state but it is important for optimizing the entanglement criterion (18).
A possible experiment could be to measure the witness for various choices of the filtering operation, or in other words for various values of θ. One should check that the condition for entanglement W < 1/4 is verified only for some angles θ while for θ min ≤ θ ≤ θ max we must have W ≥ 1/4 because the channel is EB. As a figure of merit for the quality of the experiment, the witness W can be compared with the corresponding optimal witness ν 2 . The results are plotted in Fig. 6 . For some values of θ, one can experimentally show that the channel is not EB. On the other hand, inside the entanglement breaking region, the witness is consistently larger than 1/4. Again, we underline that, if we are able to measure the covariance matrix of the output state, the product criterion can be replaced by the optimal one ν 2 < 1/4 (see Eq. (23)).
As a final remark we stress that, even though it is realistic to consider η < 1 to account for experimental losses, the same qualitative results are possible in the limit of η = 1, i.e. without the two beam splitters. In this case the amendability condition 0 ≤ c ≤ 1 (see Eq. (59)) implies N P ≥ 1 and the global map is EB for
Conclusions
In this paper we proved the existence of amendable Gaussian maps by constructing two explicit examples. For each of them we put forward an experimental proposal allowing the implementation of the map. We took as benchmark model the set of entanglement breaking maps, and presented a sort of "error correction" technique for Gaussian channels. Differently from the standard encoding and decoding procedures applied before and after the action of the map [8] , it consists in considering a composite map Φ • Φ with Φ ∈ EB 2 and applying a unitary filter between the two actions of the channel so as to prevent the global map from being entanglement breaking. We focused on two-mode Gaussian systems. We recall that in order to test the entanglement breaking properties of a map we have to apply it, tensored with the identity, to a maximally-entangled state, which in a continuous variable setting would require an infinite amount of energy. However in Sec. I B we have proved that without loss of generality it is sufficient to consider a two-mode squeezed state with finite entanglement. This property is crucial for the experimental feasibility of our schemes. Finally, in order to verify if the entanglement of the input state survives after the action our Gaussian maps, we applied the product criterion to the out coming modes [11] , and compared it with the entanglement-negativity. The latter analysis enabled us to properly set the intervals to which the experimental parameters have to belong in oder to consider the product criterion reliable.
This analysis paves the way to a broad range of future perspectives. One possibility would be to extend it to the case of multimode Gaussian or non Gaussian maps. Another compelling isuee would be determining a complete characterization of amendable Gaussian maps of second or higher order. We recall that, according to the definition introduced in [9] , a map Φ is amendable of order m ≥ 2, if Φ ∈ EB 2 and it is possible to delay its detrimental effect by m − 2 steps by applying the same intermediate unitary filter after successive applications of the channel. One possible outlook in this direction would be to allow the choice of different filters at each error correction step and determine an optimization procedure over the filtering maps. Of course this analysis would be extremely difficult to be performed for arbitrary noisy maps. A first step would be to focus on set of the Gaussian maps using the conservation of the Gaussian character under combinations among them and their very simple composition rules to perform this analysis.
